We investigate the physical properties of the Ba1−xKxBiO3 compounds with a focus on the optical properties. Results from the simple Holstein model, describing a single band coupled to an oxygen breathing mode with parameters derived from first principles calculations, are in excellent agreement with a broad range of experimental information. It accounts for an insulating parent compound at x = 0 with a direct-(optical) and an indirect-gap, and a metal insulator transition around x = 0.38. Strong electron-phonon coupling leads to spectral weight redistribution over a frequency scale much larger than the characteristic phonon frequency and to strongly anharmonic phonons. We find that the metallic phase in the vicinity of phase boundary is close to the polaronic regime. PACS numbers: 74.25.Gz, Compounds of the Ba 1−x K x BiO 3 family exhibit both superconductivity (T c ≈ 30 K) and an exotic semiconducting state [1][2][3][4][5]. The parent compound (BaBiO 3 ), with one valence electron per Bi atom, is an insulator. Upon substitution of Ba with K an insulator-metal transition occurs at x ≈ 0.37. Significant effort has been made to understand optical conductivity (OC) measurements, which, in the metallic phase, display in addition to a Drude peak a substantial amount of spectral weight in the mid-infrared (MIR) frequency region [6, 7] . However, there is no consensus on the origin of the features of the OC. Interpretations have been put forward arguing in favor of very weak e-ph coupling [8] [9] [10] as well as very strong e-ph coupling, which can even be responsible for polaronic and bipolaronic behavior [5, [11] [12] [13] [14] [15] .
Compounds of the Ba 1−x K x BiO 3 family exhibit both superconductivity (T c ≈ 30 K) and an exotic semiconducting state [1] [2] [3] [4] [5] . The parent compound (BaBiO 3 ), with one valence electron per Bi atom, is an insulator. Upon substitution of Ba with K an insulator-metal transition occurs at x ≈ 0.37. Significant effort has been made to understand optical conductivity (OC) measurements, which, in the metallic phase, display in addition to a Drude peak a substantial amount of spectral weight in the mid-infrared (MIR) frequency region [6, 7] . However, there is no consensus on the origin of the features of the OC. Interpretations have been put forward arguing in favor of very weak e-ph coupling [8] [9] [10] as well as very strong e-ph coupling, which can even be responsible for polaronic and bipolaronic behavior [5, [11] [12] [13] [14] [15] .
In this letter we reevaluate the physical consequences of the e-ph interaction in the Ba 1−x K x BiO 3 family, within a simple model with parameters extracted from recent electronic structure calculations [16, 17] . To solve the model we use Dynamical Mean Field Theory (DMFT) [18] , with an Exact Diagonalization solver. We focus on the impact of e-ph coupling on the OC, and use comparison of theory and experiments to elucidate the strength of the e-ph coupling in this class of materials.
Band theory calculations indicate that a single anti-bonding Bi-O sp(σ) band crosses the Fermi level [19, 20] . Furthermore, only optical phonons couple strongly to the electrons. Our central approximation is to retain the coupling to a single phonon mode, the breathing mode, and take its coupling constant to be independent of momentum (this derivation is described in the supplemental materials (SM)). This mode is most important since its condensation gives rise to the charge ordered insulating state at low filling [21] . Therefore we use a minimal single band model Hamiltonian with Holstein e-ph coupling (see SM).
A quantity of central importance is the effective e-ph coupling strength defined by the low frequency behavior of the electron self-energy. In DMFT, the effective mass of the electron is given by m b /m * = (1 − ∂ReΣ(ω)/∂ω| ω=0 ) −1 , which is related to the effective coupling, λ eff , by m * /m b = 1 + λ eff . m b is the electronic band mass of the carriers. The value of λ eff includes phonon renormalization effects, and will generally be significantly higher than the bare coupling, λ 0 , defined as (2g
, where g is e-ph coupling constant, ω 0 is phonon frequency and N (ǫ F ) is the density of states at the Fermi level. A second way to estimate the effective or renormalized value of lambda is via the formula,
, where D(ω) denotes phonon propagator and Π(ω) is phonon selfenergy. In our case the above definitions lead to the same value for λ eff . It is the renormalized value of the e-ph coupling, i.e. λ eff , that should be compared with experiments [22, 23] .
In DMFT [18] , due to the absence of vertex corrections, the OC can be expressed as a functional of the fully interacting single particle Green function, G(ε k , ω), as
where
is the Fermi function, and V cell = N Bi a 3 is the unit cell volume. N Bi is the number of Bi ions in a unit cell. The lattice constant value is a = 4.27Å. A Landau parameter F 1 [24] renormalizes the current operator in Eq. (1) [25] .
When only intra-band optical transitions relative to the lowest conduction band contribute to the optical spectral weight (OSW), one obtains the restricted or partial sum rule [26] 
From a knowledge of the optical spectral weight, we can calculate the plasma frequency, given by W opt = ω 2 p /4. To appreciate the range of frequencies over which the optical spectral weight redistributes, it is customary to define the effective carrier number per Bi ions participating in optical transitions, N eff (ω), defined by the partial integral of the OC for frequencies less than ω as
where m 0 is the free-electron mass. In order to compare the theoretical results with the experiments of Ref. [7] for N eff (ω) we adopt their convention and set m 0 /m b = 1.
Integrating up to infinite frequency one recovers the OSW. A reduction of W opt relative to its non-interacting value, as given, for example, in a LDA estimation [27] , is usually taken as a sign of the presence of electron-electron correlation [28] . Before focusing on the Ba 1−x K x BiO 3 compounds, we now revisit this issue on general grounds for the e-ph problem. Fig. 1 (a) displays the normalized OSW in the normal and CDW phases at half-filling (x = 0) for a particle-hole symmetric model. The most important feature of Fig. 1 (a) is that in the weak to intermediate range of λ 0 the total OSW in a homogeneous normal metallic phase depends only weakly on the strength of the e-ph coupling as in Migdal-Eliashberg theory. The OSW reduction due to e-ph coupling is only appreciable by approaching the polaronic regime, but even upon entering that regime the OSW is substantial while the effective mass is considerably enhanced, as shown in Fig. 1 (a) and (b). These results are similar away from half-filling. Fig. 1 (b) shows the Drude part [29] normalized by the non-interacting total optical integral, W opt (g = 0). In our case, without any other interaction,
and inverse effective mass agree and both go continuously to zero at the critical coupling strength, λ 0c ≈ 0.455.
Hence the variation in the Drude weight or the effective mass with e-ph coupling is more prominent than the variation in OSW. Fig. 1 (a) also shows that for λ 0 < λ 0c , ordering of itinerant carriers in a charge density wave (CDW) phase leads to a larger reduction of OSW than normal phase. However, for λ 0 ≥ λ 0c , the carriers are localized in real space, due to bipolaron formation, and CDW ordering enhances OSW. Therefore, the e-ph coupling dependence of the difference between OSW in the metallic and CDW phases is not monotonic (similar to the temperature dependence of the OSW [31] ).
To focus on the Ba 1−x K x BiO 3 compounds, we determine the hopping parameters to fit the LDA band structure [19] which results in following hopping parameters t 1 = 0.3926, t 2 = 0.0516, t 3 = −0.0017, t 4 = −0.0987, all in eV. The strong energy variation of the electron DOS for the real material (see SM) leads to a strong doping dependence of the bare e-ph coupling, λ 0 , which plays a central role for understanding the physical properties of the Ba 1−x K x BiO 3 family. For the phonon frequency and e-ph coupling we choose a set of the bare parameters, ω 0 = 80 meV, and g = 0.2275 eV. The value of the e-ph coupling to the breathing mode, g, matches closely to the recent results of first principles calculation of the deformation potential at the zone boundary [17] (see SM). The characteristic phonon frequency represents a bare parameter. Below, we shall see that it becomes renor- malized, so that the final value is representative of the experimental value. For simplicity we take all the bare parameters in the Hamiltonian to be independent of doping (rigid band picture). Considering the simplifications made, our results are in surprisingly good agreement with experiments.
For the parent compound, BaBiO 3 (x = 0), we show the calculated conductivity as a function of frequency in panel (a) of Fig. 2 , along with two measurements [6, 7] performed at room temperature. The calculated conductivity displays a characteristic insulating spectrum; the Drude peak is absent, and spectral weight has been transferred to the region above the gap. The calculated gap value, ∆ opt ≈ 2 eV, and the subsequent absorption strength are similar in magnitude to the observed values [6, 7] . The inset shows the phonon density of states in CDW phase with a renormalized peak near ≈ 72 meV, in good agreement with the experimental value of the breathing mode phonon frequency (Experimental data in [20] ) [33] .
In Fig. 2 (b) we show N eff (ω) vs. ω for the undoped system. The calculated N eff is in good agreement with the experimental data in the range of frequencies in which inter-band transitions play no role (ω ≤ 3 eV). Fig. 2 (c) shows the electron DOS in the charge ordered phase; it shows a gap value ≈ 0.5eV, which corresponds to the indirect gap in BaBiO 3 [34] .
Upon doping the system we find that at doping value around x ≈ 0.38, charges distribute uniformly between the two sublattices. Investigation of the electronic DOS indicates that this is a transition to a metallic state with a finite DOS at the Fermi energy. In the intermediate doping range 0 < x < 0.38, the electron density oscillates between two values in successive iterations of the DMFT cycle and a converged answer was not found. This implies that the system either has a tendency towards another phase, like a non-commensurate CDW, or a tendency towards phase separation, both of which cannot be seen in our study [35] . Fig. 3 (a) shows the calculated OC for two doping values in the metallic phase. As the system is doped into the metallic phase, the optical response shows a Drude peak, cen- tered at ω = 0. This indicates coherent quasi-particle motion, and an additional mid-infrared (MIR) feature arises, caused by single-and multi-phonon excitations and absorption processes. The MIR contribution is an incoherent component of the OC, and corresponds to optical transitions in which the carrier is excited but leaves behind a local distortion, which corresponds to real excitations. This MIR component occurs at frequencies characteristic of these excitations. As we saw in Fig. 1 (b) , the e-ph interaction causes a reduction of the free carrier Drude peak weight; in fact it is approximately reduced by the quasi-particle renormalization factor (1 + λ eff ) −1 and the spectral weight increases in the MIR energy range reflecting the incoherent scattering excitations that result from absorption processes assisted by the e-ph interaction. The MIR frequency range extends well beyond that of the characteristic phonon frequency.
In the inset of Fig. 3 we show the effective carrier number calculated from OC. In the metallic phase N eff (ω) at first increases steeply at low frequencies, on account of the appearance of the Drude band centered at ω = 0, and continues to increase in the mid-infrared region, eventually saturating at a high frequency. The trends are in good agreement with the experimental data [7, 36] . Fig. 3 (b) shows the phonon density of states. The bare phonon frequency is softened and the phonon DOS shows structures similar to those observed experimentally [32] . The effective oscillator potential and anharmonicity is further explored in the SM. Consistent with experimental results [37], the effective potential shows a double well structure, with one minimum disappearing with increased doping.
We now turn to the doping dependence of the OSW. Due to a higher value of the DOS at (x = 0) the e-ph coupling (λ 0 ) is largest in the parent compound and decreases with doping. Fig. 3 (c) shows the normalized interacting OSW vs. doping. It is clear that the OSW is greatly reduced for small values of x due to the e-ph interaction. In the metallic phase, upon increasing the doping level, electrons become more undressed, which leads to a smaller optical weight reduction. Fig. 3 (d) shows the Drude part (the MIR part is W opt − W D ) normalized by the total optical integral as a function of doping at T = 0 [38]. In the metallic phase the OSW redistributes between the Drude peak and the MIR shoulder, and by increasing the doping level the Drude weight rises very quickly. For instance, the Drude peak weight increased by almost a factor of two with increasing x from x = 0.4 to x = 0.5.
In the DMFT framework, the effective e-ph coupling can be extracted either from the phonon propagator at zero frequency, or the effective mass, or from the relative weight of the Drude peak to the total OSW in the absence of e-ph coupling, W D (g)/W opt (g = 0) ≈ (1 + λ eff ) −1 . We found that the effective e-ph coupling is strongly doping dependent with the highest value (λ eff ≥ 4) at x = 0.4 close to the transition to the insulating phase. With such a high value of the effective e-ph coupling the formation of an inhomogeneous phase in the vicinity of the phase boundary is highly likely. At higher doping levels where the system is likely to be homogeneous, we find λ eff ≈ 1.6 for x = 0.5.
The calculated plasma frequency for x = 0.5 is 2 ω 2 p = 8.95 eV 2 , again in good agreement with the experimental value [15] . Using the calculated values for the plasma frequency for x = 0.5 we can use the high temperature behavior of the measured resistivity to estimate the e-ph coupling, λ (tr) eff [39] . Using the high temperature resistivity formula [14] ,
we estimate a value of λ (tr) eff ≈ 1.75. In support of strong e-ph coupling, heat capacity measurements for Ba 1−x K x BiO 3 with x ≈ 0.4 show a jump in the specific heat of the order ∆C p (T c )/T c ≈ 4 − 5 mJ mol
. One can relate this to the coefficient of the electronic specific heat, γ, by the BCS expression ∆C p (T c )/T c = 1.43γ [41] . Then from the rela-
(1 + λ eff ) with use of N (ǫ F ) = 0.23 states/eV spin cell for x = 0.5, λ eff is estimated to be 1.6 − 2.2, consistent with our previous estimates.
In conclusion we have revisited the physical properties of Ba 1−x K x BiO 3 , using a model Hamiltonian with parameters inspired by recent first principles calculations [16, 17] but going beyond these calculations by taking into account the full many body physics and inherent anharmonicity of a strongly coupled e-ph system. For small doping the coupling is strong enough to sustain polaron and small bipolaron formation and the coupling decreases for large doping. For the metallic regime near the phase transition boundary, we find a situation intermediate between a Fermi/BCS liquid and a bipolaronic superconductor, in agreement with experimental studies [42, 43] . The model accounts for experimentally determined gaps (both direct and indirect) in the parent compound at x = 0 and an abrupt insulator transition at a critical doping. In the metallic phase, we find a strongly anharmonicity in agreement with recent experiments [37] and transfer of substantial electron phonon coupling strength to low frequencies as shown in the phonon density of states. Strong e-ph coupling reduces the width of the Drude peak and transfers spectral weight to the mid-infrared structure. Spectral weight redistributes over a frequency scale that is much larger than the phonon frequency. Further extensions will require the incorporation of couplings to other phonon modes and of additional bands in the modeling. These are not expected to change drastically the main conclusions presented in this paper which focused on the electronic properties but are certainly required for a more realistic study of the phonon spectra.
[36] Indeed, upon increasing the doping level one expects that (m0/m b )N eff (ωc) gets closer to the expected carrier number determined from the chemical composition 1 − x. Here, ωc is a cutoff energy which must be chosen to exhaust the oscillator strength of the absorption in question but lie below the rest of the absorption bands. Assuming a small variation in (m0/m b ) between x = 0.4 − 0.5, then the difference between N eff (ωc) and 1 − x decreases upon increasing the doping level. Our calculations show this behavior. While the early experimental data of Ref. [7] shows the opposite trend, later observation shows a trend consistent with our calculated results [12] .
[37] A. P. Menushenkov and K. V. Klementev, J. Phys.: Condens.
Matter 12, 3767 (2000).
[38] The total weight, Wopt, determined by summing the area under the conductivity, agrees with the calculated partial sum rule, which is an independent calculation (right hand side of Eq. (2)), and confirms the sum rule.
[39] The superscript 'tr' is for transport properties. For our purposes we will regard this as equivalent to the effective coupling strength defined through the effective mass. Here we provide additional information on the derivation of a Holstein-type e-ph coupling from the Rice-Sneddon model Hamiltonian [1] . The phonon part and e-ph interaction in the Rice-Sneddon model Hamiltonian is given by
where u iα± denote displacements of two oxygen ions at sites R i ±aê α /2, placed in the αth direction at a distance a/2, and G is the strength of this interaction. M O is the oxygen ion mass, and ω 0 is the phonon frequency.
Introducing the boson representation for each oxygen coor-
With these phonon coordinates, being attached to oxygen ions, there is a nonzero overlap between nearest-neighbor operators, i.e., they are not orthogonal. It is better to define new orthogonal boson operators [2] . By Fourier transforming the boson operators,
where N is the number of sites, b k represents a symmetric phononic mode
and
The new operators, b k , fulfill the boson commutation relations. By transforming the new operator back to real space we obtain the following form of the phonon related terms
are responsible for the longrange e-ph interaction, which is a consequence of orthogonalization of the local phonon modes. However, these terms fall off rapidly with distance (e.g. γ(0) = 1.19, and γ(1) = −0.11) [2] . In the Holstein model, we only keep the first term g ≡ g ii = 2G
/2M O ω 0 γ(0). Therefore, we use following model Hamiltonian:
where c iσ (c † iσ ) and b i (b † i ) are the destruction (creation) operators for electrons with spin σ and local vibrons with frequency ω 0 , respectively. The operator n i ≡ σ c † iσ c iσ is the electron density at site i, the parameters t ij are the electron hopping matrix elements between sites at i and j, and g denotes the e-ph coupling constant.
Using ω LDA 0 = 0.065 eV, and G = D LDA /6 the value of g would be g = 0.237 eV. Here D LDA = 13.3 eVÅ −1 is the deformation potential obtained from the LDA calculation [3] .
The displacement of the oxygen ion is approximately given by
Our model Hamiltonian calculation, with ω 0 = 0.08 eV, gives a value b i + b † i ≈ 4.5 for the undoped case, which leads to a breathing mode distortion of the order of u i ≈ 0.073Å, in agreement with the experimental value 0.085Å [4] .
II. DENSITY OF STATES
In Fig. S1 we show the resulting density of state (DOS) for a specific choice of hopping parameters t 1 = 0.3926, t 2 = 0.0516, t 3 = −0.0017, t 4 = −0.0987, all in eV (TB1). These correspond to successively further neighbor hopping. Note the appearance of a (diverging) van Hove singularity, the result of including beyond nearest neighbor hopping, and in strong contrast to the rather flat DOS for the nearest neighbor model (TB2). The strong energy variation of the electron DOS for the real material leads to a strong doping dependence of the bare e-ph coupling, λ 0 , which plays a central role for understanding the physical properties of the Ba 1−x K x BiO 3 family. 
III. EFFECTIVE PHONON POTENTIAL
In an electron-phonon system, an effective phonon potential, V eff , can be defined using an effective wavefunction defined by ψ eff (q) = P (q), which is taken to be a solution of the one dimensional Schrodinger equation [5] ,
whereq ≡ b + b † and P (q) = φ 0 |q q|φ 0 is the phonon displacement probability-distribution function (PDF) [6] . The wave function |φ 0 is the ground-state wave function and |q q| is the projection operator onto the subspace where the phonon displacement operator,q, at a given site has value q. This quantity is a measure of the distribution of the local distortions. Having P (q), the effective phonon potential V eff (q) is given by V eff (q) = E + ω 0 2 P ′′ (q) P (q) − 1 2
In Fig. S2 we show results for the probability distribution function and corresponding effective potential as deduced from Eq. (S9) for three different doping levels (we ignore the constant E, so we only discuss the variation in the shape of the potential and not its absolute value). In each case P (q) has a narrow peak which shifts to slightly larger q with increasing doping. The average value of the displacement, q = ∞ −∞ dq qP (q), agrees with a direct calculation of b + b † and is given by −(2g 2 / ω 0 )( n − 1) [5] . The effective phonon potential shows an asymmetric double well structure, with one of the minima disappearing with increased doping. Near the lowest doping value (x = 0.4), the potential exhibits pronounced anharmonicity, which eventually decreases as the doping increases. For the highest doping level, the shallow minimum has disappeared, and fluctuations decrease, indicated by the presence of a single minimum in the effective potential. The enhanced fluctuations near the instability point are a signal that an instability is imminent.
